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1 Introduction 

1.1 Basic theory of orthogonal polynomials on the real line 

Let fihea, positive Borel measure supported on a subset S of the real line with infinitely 
many points and such that 

\x\'^'' djj.(x) < 00, 
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for every n G Z+. 

Given a measure fi, we define tlie standard inner product (■, ■)p : P x P — > R by 

{P,l)f^= / P{^)<lix)d^i(x), p,qeF, (1) 

■Je 

where P is the linear space of the polynomials with real coefficients, and the corre- 
sponding norm || ■ ||^ : P — >■ [0, cxd) is given, as usual, by 



\\ph = \l I \p{x)\^dfi{x), PGP. (2) 

Definition 1 Let {pn(a;)}n>o be a sequence of polynomials such that 

1. Pn{x) is a polynomial with degree exactly n. 

2. {pn,Pm}tj, = 0, for m^n. 

{Pn{x)}n>o ^^ ^O'id to be a sequence of standard orthogonal polynomials. If the 
leading coefficient of pn is 1, then the sequence is said to be a standard monic orthog- 
onal polynomial sequence (MOPS, in short). 

Proposition 1 Each positive Borel measure fi determines uniquely a standard MOPS. 

A MOPS is generated by a three term recurrence relation. It will play an important 
role in the sequel. 

Proposition 2 (Tiiree Term Recurrence Relation TTRR) Let{pn{x)}n>o be a 
MOPS. They satisfy a three-term recurrence relation 

Pn+l{x) = {x- l3n)Pnix) --/nPn-lix), n > 0, (3) 

with initial conditions po{x) = 1 and p-i{x) — 0. The recurrence coefficients are given 
by 

l|P«||^ 

and 

IIp^IIm ^n -.1 
7" = 7. TTJ >0,n> 1. 

Next, we will introduce the nth Kernel associated with the MOPS {pn(a;)}n>o- It 
satisfies a reproducing property for every polynomial of degree at most n as well it 
can be represented in a simple way in terms of the polynomials Pn(x) and Pn+i{x) 
throught the Christoffel-Darboux Formula, that can be deduced in a straightforward 
way from the three term recurrence relation (see [3]). 

Proposition 3 Let {pn{x)}n>o be a MOPS. If we denote the nth Kernel polynomial 
by 

then, for every n G N, 

1 Pn+l{x)Pn{y) - Pn{x)pn+l{y) 



Kn[x,y) = 



\pn\\l x-y 



and, if X = y we have the so called confluent form 

Pn+i{x)pn{x) - Pn{x)pn+l{x) 



Kn{x,x) 



II l|2 
\\Pn\\n 



The zeros of standard orthogonal polynomials are the nodes of the Gaussian quadra- 
ture rules and they have nice analytic properties. Next, we summarize some of them. 
For more information, see [3], [E], and |21) 

Proposition 4 Let ^ he a positive Borel measure defined as above and {pn(a;)}n>o 
the corresponding MOPS. Then, 

1. For each n > 1, the polynomial pn{x) has n real and simple zeros in the interior of 
Cq{E), the convex hull of E. 

2. The zeros of Pn+i{x) interlace with the zeros ofpn{x). 

3. Between any two consecutive zeros of pn{x) there is at least one zero of pm{x), for 
m > n> 2. 

4- If (",/3) C Co{E) with {a, P) n 17 = then at most one zero of each polynomial 

Pn{x) belongs to {a,P). 
5. Each point of E attracts zeros of the MOPS. In other words, the zeros of a MOPS 

are dense m E. 

Next, we will analyze the behavior of zeros of polynomial of the form fix) = 
hn{x) + cgn{x) 

We need the following lemma concerning the behavior and the asymptotics of the 
zeros of linear combinations of two polynomials with interlacing zeros (see [2] Lemma 
1] and [SI Lemma 3]). 

Lemma 1 Let hn{x) = a{x — xi) ■ ■ ■ (x — Xn) and gn{x) — b{x — i^i) ■ ■ • {x — C^n) be 
polynomials with real and simple zeros, where a and b are real positive constants. 

fi) If 

(l < XI < ■ ■ ■ < (n < Xn, 

then, for any real constant c > 0, the polynomial 

f{x) = hn{x) + cgn{x) 

has n real zeros r/i < ■ ■ ■ < rjn which interlace with the zeros of hn{x) and gn{x) in 
the following way 

Cl < m < Xl < ■ ■ ■ < Cn < rin < Xn- 

Moreover, each r]/, = r]i^(c) is a decreasing function of c and, for each k = 1, . . . , n, 
lim % = Cfc and lim c[% - Cfcl = ,",[ t ■ (^) 

H If 

XI < Qi < ■ ■ ■ < Xn < (n, 

then, for any positive real constant c > 0, the polynomial 

f{x) = hn{x) + cgn{x) 



has n real zeros rn < ■ ■ ■ < rjn which interlace with the zeros of hn{x) and gn{x) 
as follows 

Xi < rii < (i < ■ ■ ■ < Xn < rjn < (n- 

Moreover, each rj]^ = rjk{c) is an increasing function of c and, for each k — 1, . . . ,n, 
lim r]k = Ck and lim c[C,u - %] = " /, ■ (6) 

In the last years some attention has been paid to the so called canonical spectral 
transformations of measures. Some authors have analyzed them from the point of view 
of Stieltjes functions associated with such a kind of perturbations (see [23])or from the 
relation between the corresponding Jacobi matrices (see [24]). Our present contribution 
is focused on the behaviour of zeros of MOPS associated with such transformations 
of the measures. In particular, we are interested in the Christoffel and Uvarov trans- 
formations which are given as a multiplication of the measure by a positive linear 
polynomial in its support and the addition of a Dirac mass at a point outside the 
support, respectively. 

The structure of the manuscript is as follows. In Section 2 the representation of 
the perturbed MOPS in terms of the initial ones is done. In Section 3 we analyze the 
behaviour of the zeros of the MOPS when an Uvarov transform is introduced. In par- 
ticular, we obtain such a behavior when the mass A'' tends to infinity as well as we 
characterize the values of the mass A'^ such the smallest (respectively, the largest) zero 
of these MOPS is located outside the support of the measure. In Section 4, we check 
these results in the cases of the Jacobi-type and Laguerre-type orthogogonal polyno- 
mials introduced by T. H. Koornwinder ([2]). Section 5 is devoted to the electrostatic 
interpretation of the zero distribution as equilibrium points in a logarithmic potential 
interaction under the action of an external field. We analyze such an equilibrium prob- 
lem when the mass point is located on the boundary or in the exterior of the support 
of the measure, respectively. 



2 Canonical perturbations of a measure 

Let {pn{x)}n>o be the MOPS with respect to a positive Borel measure p defined as 
above. We will consider some canonical perturbations of the measure, which are called 
spectral linear transformations (see [23] and [24]). 



2.1 Christoffel perturbation 

Let {pn{a\x)}n>Q be the MOPS associated with the measure 

djj, = {x — a)dfi, 

with a ^ C'o{S). This means that pn{a.) 7^ for every n > 1. 
The polynomial p*i{a;x) is given by (see [3] (7.3)]) 



Pn{a;x) = 



p„+i(x-) -—pnKx) 

Pn\a) 



\Pn 



Pn{a) 



Kn{a,x), (7) 



i.e., Pn{a;x) is a monic kernel polynomial. Notice that Pn{a;a) 7^ 0. Let x„j. and 
a;^ J, := i* ;.(«) be the zeros of Pn{x) and Pn{a.',x), respectively, all arranged in an 
increasing order, and assume that Co{S) = [^, 77] . From ((7| and Proposition U (item 2) 
the following interlacing property of these zeros holds 

(i) If a < (^, then p„+i(a)/p„(a) < 0, and 

Sign [p*„{a-; a;„+i,fc)] = Sign [pn{xn+i^k)] , fc = 1, . . . , n + 1, 

as well as 

Sign [p* (a; x^^k)] = Sign [pn+l{xnM)] , k = l,...,n. 

Therefore 

Xn+l.l < a;„,i < a-*^i < a-„+i_2 < ■ ■ ■ < a::n,ri < a::^,,i < a^n+i^n+i; (8) 

(ii) If a > r;, then p„+i(a)/pri(a) > and, as a consequence, 

Sign[pnia;x„+i,;)] =Sign[pn{x„^ik)], k = 1,... ,n + l, 

and 

S'ipn [pn{a;Xn,k)] = -S'ipn [p„+i(a;„^fc)] , k = l,...,n. 

Therefore 

2^Ti+l,l < 3:^n,l < 2:n,l < ■ ■ ■ < a^n+l.n < S^n.n < a^n.n < 2:n+l,n+l- 



(9) 



2.2 Iterated-Christoffel 

Let {p"(a;a;)}„>o be the MOPS associated with the measure 

dfi — (x — a) dfi, 
with a ^ Co{S). Using ([7} we deduce that 



Pn (a;x) 



Pn{a\a) 
1 



* / N Pri+l(«;") *, s 

Pn+l(a;2--) —, ^Pn{a\x) 

Pn(a;a) 



K„{a,x) 
2 lPn+2{x) - dnPn+\{x) + e„p„(a;)] , 



(x — a) 
where K^{a,x) is the Kernel polynomial associated with Pn{a;x), and 

, _ Pn+2(a) . P*t+i(a;a) _ Pn+'lja-) + Pnja) 
dn — : — r 1 tt ^ — — ; — ^ ^n , 



Bn 



Pn+lia) Pn{a\a) Pn+l(a) 

Pn+l(«;")Pn+l(a) ^ l|Pn+llU Kn+lja,") 

Pn{a;a) p„(a) |lPn|l^ Kn{a,a) 



>0. 



(10) 



Notice that p'!^*{a;a) 7^ 0. Let denote by x**^. :— x**f^{a) the zeros of p^{a\x), 
arranged in an increasing order. Then replacing ((Sjl in (|10|l we obtain 

P*n{a\x) = . _^^ [{x- Pn+l - dn)Pn+l{^) + (cn ^ ln+l)Pn{x)] . (11) 

On the other hand, 

e« - 7«+l = -^ 7^ r/i / - 1 > 0. 12 

Evaluating p**{a;x) at the zeros a;n+i,fe, from (|ll|l and (|12|) . we get 

Sipn [p*j*(a;2;„+i^fc)] = Sign [p„(a;„+i_fe)] , fc = l,...,n+l. (13) 

Thus, from (|13|) and Proposition|4](item 2) we obtain the following interlacing property: 
Theorem 1 T/ie ineq 

Xn+1,1 < Xn*l < Xn+ia < xt*2 < ■ ' ■ < Xn+l,n < X*n.n < 2;„+l,„+l (14) 

hold for every n G N. 

2.3 Uvarov perturbation 

Let {p„ (a;3;)}„>o be the MOPS associated with the measure 

d/ijv — dfl + NSa , 

with A^ £ R4-, Sa the Dirac delta function in x — a, and a ^ Co(£'). R. Alvarez- 
Nodarse, F. Marcellan and J. Petronilho [TJ (8)] obtained the following representation 
for such polynomials in terms of the MOPS {p7i{x)}n>o (see also [22j.'l 

Pn{a;x)^Pn{x)-———p-^ -Kn-i{a,x). (15) 

1 + I\Kn-i(a.,a) 

Next, we give another connection formula for the Uvarov's orthogonal polynomials 
Pn (a; x) using the standard orthogonal polynomials pn{x) and the Iterated- Christoffel's 
orthogonal polynomials Pn*{a;x). 

Theorem 2 (Connection Formula) The polynomials {pn {a-;x)}n>o, withpn (a\x) - 
knPn {<i',x), can be represented as 

Pn {a;x) ^Pn{x) + NBn{x - a)p**_i (a; x), (16) 



with 



and kn = 1 + NBn ■ 



Bn = 7 ^"1°? , = Kn^i {a, a) > (17) 



Proof In order to prove the orthogonality of the polynomials defined by (|f6|) . we deal 
with the basis l,{x — a),{x — a) , . . . , (a; — a)" of the linear space of polynomials of 
degree at most n. Then, 



{l,Pn)M, 



(l,Pn)M + NBn{l, {x - aKT-l)^ + Npn{a) = 



{{x - a),p„ )f, = ((a:: - a),pn}f_L + iV-B„{l,P*ll)M* 







{{x^ar~\p^,)^,^ = {ix-ar-\pn}^ + NBn{{x-ar-\p*„U)f."=0, 
and, finally, 

{{x-ar,Pn)t., ={{x-ar,Pn)^ + NBn{{x-ar-\p*U)^,.>G 

^ \\pn\\l+ NBnUUWl,. > 0. 

In order to prove (|17|l . from (|10|) and ((Tjl we get 
{x~a,p*n_i)^= I {x - a)p**_i{a;x)dii{x) 



I 



= / (x - a) ■ 



Pn(a;x) ; ^—^Pn-l{a;x) 



djj,{x) 



Pn{a; x)dfi{x) ■ 



<-i(ffl;«) 

^ 7 7 / Pn-l[a■,x)d^l(x) 

— ^^ / Knia;x)dfi{x) 
Pn{a) J 

p„(a) A^„_i(a;a) ||p„„i||^ Pn-l(a) ./ 
IIpkIIm IbnllM Kn{a-a) 



Pn{a) pn{a) Kn~i{a;a) 

WPnWfj, f _ Kn{a;a) 
Pn{a) \ Kn-i(a;a) 



Thus 



Bn 



-Pn{a) 



Pn{a) 



«'Pn-l)M 



Ibnll^ [Knia,a)/Kn^i{a,a) - 1] 



Kn-i{a,a) > 



3 The Zeros 

We call the attention of the reader on the fact that the constant _B„ defined as above 
does not depend on A''. For this reason, the connection formula (|16|) is very useful 
in order to obtain results about monotonicity, asymptotics, and speed of convergence 
for the zeros of p„ {a;x) in terms of the mass N. Indeed, let assume that x^ j, : = 
Xjj j,(a), k = 1,2, ..., n, are the zeros of p„ (a;x). Thus, from HJ), (jlGp . and Lemma[T] 
we immediately conclude that 



Theorem 3 If Cq{E) — [S,,tj] and a < ^, then 

« < a-n,l < 2-11,1 < a-n-1,1 < ^n,2 < ^n.2 < ■■ < a;„-l,„-l < Xn,n < Xn,n- (18) 

Moreover, each x^ ^ Js a decreasing function of N and, for each k — 1, . . . ,n — 1, 

lim a;„ 1 = a, Jim a;„ fc+i = 2;"_i t, (19) 

A'^oo A'— >oo 



OS uieii as 



AT , _ -Pn(a) 



lim Af[a;„^i -«] = ■„«, x, 

, ** , (20) 

lim ATfr^ - r** 1 - P"i''n-l,k) 



Theorem 4 If Cq{E) = [^,77] and a> rj, then 

-1 < ^n-l.n-l < a^n," < a^ri.ri < ' 

(21) 



^n,l ^ ^n.l ^ ^n— 1,1 < ■ ■ ■ < ^n,n— 1 ^ ^n.n—\ ^ ^?i— l.ri— 1 ^ ^n,n < ^n,n ^ f^- 



Moreover, each x^ j, is an increasing function of N and, for each k = 1, . . . ,n — 1, 



and 



lim 3;^„ = a, lim a;^^ = a;"_i.fc, (22) 

AT^oo ■ A^— >oo 



TV 1 _ P«(a) 



lim Af[a - 2:„.„] = ^ ^^ . ^ , 

I ** s (23) 

lim NW** -r^l- ^"^''"-I'fc-' 

N^CO -B"(a;„-l,fe-a)lP„_l(a.a;)|;j;=^.._^^ 

Notice that the mass point a attracts one zero of p„ {a;x), i.e. when A'^ — >■ 00, it 
captures either the smallest or the largest zero, according to the location of the point 
a with respect to the support of the measure fj,. 



3.1 The Minimum Mass 

When either a < ^ or a > 77, at most one of the zeros of p„ (a; a;) is located outside of 
Co(X') = [^, 77]. In the next results, we will give explicitly the value A^o of the mass such 
that for A'' > A'^g this situation occurs, i.e, one of the zeros is located outside [^,r]]. 

Corollary 1 If Cq(S) — [^,77] aTirf a < ^, then the smallest zero a;„ 1 = a;„ ]^(a) 
satisfies 

<i > S, for N < No, 

<i=C, for N = No, 



<i < C, for N > No, 



where 



No = No{n, a,0 = ^ 7 w^"^^\ ,, , ,. > 0. 

Kn-i (a, a) (C - a)p;t_^ (a; ^) 



Proof In order to deduce the location of a;„ ^ with respect to the point a:: = ^, it is 
enough to observe that p„ (^) = if and only UN — Nq. 

Corollary 2 IfCQ{S) = [^, rj] and a > r), then the largest zero a;„_„ = a;n,n (a) satisfies 

a;^n < V, for iV < iVo, 

Xn,n = V, for N = iVo, 

Xn,,i > V, for A^ > A^o, 
where 

No = No{n, a, rj) = -r^ -, .^"^''^ ** t T > O' 

Kn-i (a, a) (rj - a)p**_^(a; rj) 

Proof In order to find the location of a;„ „ with respect to the point x = rj, notice that 
Pniv) = if and only if iV = iVo- 

4 Application to classical measures 

4.1 Jacobi type (Jacobi-Koornwinder) orthogonal polynomials 

First, we will consider Pnix) — Pn (x), the classical monic Jacobi polynomials, which 
are orthogonal with respect to the measure dfi^p = (1 — x)°'{l + x)^dx, a, 13 > —1, 
supported on [—1, 1]. We consider the Uvarov perturbations on j-ia^p with either a — —1 
or a = 1, and M,N > 0. 

dflM = diia,i3 + MS^i, (24) 

djij^ = duci^p + NSi. (25) 

Such orthogonal polynomials were first studied by T. H. Koornwinder (see |14)). in 1984. 
There, he adds simultaneously two Dirac delta functions at the end points x = —1 and 
X = 1, that is, 

d-f^M,N = djJ.a,l3 + MS^i + N5i. 

Let {Pn (3;)}n>0 a-nd {Pn {^)}n>0 denote the sequences of orthogonal poly- 

nomials with respect (|24|l and (|25|) . with the normalization pointed out in Theorem 2, 
respectively. Then, the connection formulas are 

P^i'^'^'ix) = P,'i'^{x) + MKn-li~l, -1)(.T + l)PnL^^\x) 

and 

P«'^-^(:c) = P,f^{x) + NKn^^{l, l)(x - 1)P:+1-^^{x). (26) 

It is straightforward to see that 

r. , , u 1 r(n + /3 + l)r(n + a + /3 + l) 

^„_i(— i,— i) — 



2a+l3+l r{n)r{l3 + l)r(/3 + 2)r(n + a) 

and 

,, ,, 1 r{n + a + i)r{n + a + l3 + i) 

^n-l(i^, i) ~ 



2Q+/3+1 r{n)r{a + l)r{a + 2)r(n + 13) ' 



10 

Recently, several authors ([T], [5], [8]) have been contributed to the analysis of the 
behavior of the zeros of P"''^^' (a;), and P" (x). 

Let denote by {x„ f.{a)), (a;„ ^(a)), and (xn^kict)) the zeros of P" (a;), P" (a::), 
and Pn (x), respectively, all arranged in an increasing order. Then, applying the re- 
sults of Section 3, we obtain 

Theorem 5 The inequalities 

-1 <2;^fi(Q,/3) <Xn,i{a,l3) < Xn-i,i{a, P + 2) <x^2{ct,P) < Xn,2{a, P) <■■■ 

< Xn-l,n-l{a, P + 2) <Xn,n(a,l3) < Xn,n{a, [3) 

hold for every a, 13 > —1. Moreover, each x^ ^(a, /?) is a decreasing function of M and, 
for each k = 1, . . . ,n — 1, 

lim Xn\i{a,l3) = -1, lim a;^|fc+l(a,/?) = a:n-l,fc(a, /^ + 2), (27) 

ivf— >oo A/— foo 



and 



lim M[xl'^{a, /?) + 1] = hn{a, 13), 

A/->oo 






2"+^+V(n)r(/? + 2)r{p + 3)r(n + «) 
''"^"'^^ " r(n + /3 + 2)r(n + a + /3 + 2) ' 

Proof It remains to show the limits above. From H20|) 



lim M[4!l(a,/3) + l] = 



-P,?^^(-l) 



Af^«, ^ "' ' ' A-„_i(-l,-l)P„"l^+2(-l) 

Since 

pa,/3, ,. ^ (-l)"2"r(n + /? + l)r(n + a + l3 + l) 

" ^ ^ r(/3 + l)P(2n + a + /3 + 1) 

and 

1 r(n + /3 + l)P(n + a + /3 + l) 



i«'„_i(-l,-l) = 



2"+/3+i r{n)r{P + l)r{P + 2)P(n + a) 
we obtain 

-Pn'^{-1) 2"+''+2p(n)P(/3 + 2)P(/3 + 3)r(n + q) , , ^, 



Kn^i{-1, -l)P,?l'l+'(-l) r(n + /? + 2)r(n + a + /? + 2) 

Also from (EOl 



lim M[a;ffc+i(a,/3)-a;„_i.fe(a,/3 + 2)] 

A/— ^oo ' 



-P„"'^(x„_i,fc(Q,/3 + 2)) 



i^„_i(-l,-l)(x„_i,fc(a,/3 + 2) + l)[P„"l'3+2(^)j,|^^^^^^ ^^^^^^^^ ■ 
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On the other hand, it follows from 

n{n + a){l + x)P^L^+\x) = 71(71 + a + /? + l)Pn'^{x) + (/3 + 1)(1 - s)[P,?'^(:r)]' 

that 

n(7i + Q + /3 + l)P"''^(a;„_i,fe(Q, /3 + 2)) 

= -iP + 1)(1 - x„_i,,(a, /3 + 2))[P,?''' W]t__^^^(„^^^2) 
and 

„(„ + a)(l + a:„_i,fc(a,/3 + 2))[P„"'^(x)l'|^^^^_^_^(^_^^2) 

= [n(n + « + /? + 1) - (/? + l)][P,?-^(-)]l_„_^,,(„,,^.2) 

+ (/3 + 1)(1 - x„_i,fe(a,/3 + 2))[P„"'^(x)l't__^^(„,^^2)- 

Now, using the last two equalities and the differential equation for the Jacobi polyno- 
mials 

(1 - x^)[P,T^{x)]" + [P-a-{a + fS+ l)x][P,T^{x)]' + 71(71 + a + /? + l)P;?'^(x-) = 

we obtain 



^ --(7i + ^ + l)(n + Q + /3 + l) 
" (/3 + l)(l-2:„„i,fc(a,/? + 2)) 

Therefore 



(1 + x„_i,fc(a, /? + 2))[P„"'^+^(xJ, |_,_^^^_(„,^+2) 



^n'^(^«-l,fc(a,/^ + 2)). 



lim M[2;f fc+i(a, /3) - x„_i,fc(Q, /? + 2)] 

A/— ^00 



-P^'''(x„_i,fe(a,/3 + 2)) 



A-„_i(-l, -l)(x„_i,fe(a, /3 + 2) + l)[P,'^l^+^x)]'|^^^^_^^(^^^_^2) 

2(/3 + 2) 
Theorem 6 The inequalities 

Xn,l{a,l3) < Xn,i{a,l3) < a;„_i4(a + 2,^) < ■•■ < 

Xn,n-l{a,P} < a;^„_i(a,/3) < a;„_i,„_i(a + 2,/3) < Xn,n{a,l3) < Xn,,i{a,P) < 1 

hold for every a, 13 > —1. Moreover, each x^ ^{ol,P) is an increasing function of N 
and, for each fc = 1, . . . , n — 1, 

lim Xn,n{a,l3) = l, lim x^.kio^, P) = x„^ik{a + 2,l3), 



and 



lim N[l-x^,,,[a,P)]=gn{a,P), 
JV— >oo 



N ^„, «M _ [1 + a„_i^fc(Q + 2, p)] g„{a, 13) 



lim iV[a;„_i.fe(a + 2,/3)-x^^fc(a,/?)]- o^^ , 9^ 
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where 



gn{a,P) = 



2^+P+^r(n)r(a + 2)r{a + 3)r(n + 13) 



r{n + a + 2)r{n + a + P + 2) 
Proof The prove follows in the same way as the Theorem [S] We only observe that 



n + P 
2n 



(^ - 1)^, 



r^^W 



\x) 



a + 1 



-{\+x){P!^^\x)\. 



:,a,l3,N+ei 



n(n + o + /3 + l) 

In order to illustrate the results of TheoremE) we enclose the graphs of P^''^'"^^(a;), 
for Q = /3 = and some values of e > 0, in order to show the monotonicity of the zeros 
of P^'^' (x) as a function of the mass TV ( see Figure[l]). 




Fig. 1 The graphs of P^'^' {x) for some values of e. 



In Table [T] we show the value of zeros of P^ {x), with a — j3 — Q, for sev- 
eral choices of A'^ Notice that the largest zero converges to 1 and the other two ze- 



Table 1 Zeros of P^''^' (x) for some values of A'^. 



N 


4^(0,0) 


4^2(0.0) 


4^3(0,0) 





-0.774597 





0.774597 


1 


-0.757872 


0.0753429 


0.955257 


10 


-0.755305 


0.0868168 


0.994575 


100 


-0.755004 


0.0881528 


0.999446 


1000 


-0.754974 


0.0882886 


0.999944 



ros converge to the zeros of the Jacobi polynomial P2 ' (2^)) that is, they converge to 
3:2,1(2,0) = -0.75497 and 2:2,2(4) = 0.0883037. Note also that aU the zeros increase 
when N increase. 
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4.2 Laguerre type (Laguerre-Koornwinder) orthogonal polynomials 

Next, we will deal with Pn{x) = L"(a;), that is, the classical monic Laguerre polyno- 
mials, which are orthogonal with respect to the measure d/^a = x°'e~^dx, a > —1, 
supported on [0, -|-cxj). We will consider the Uvarov perturbation on /1q with a = 

dfiN = dua + NSq, N >0. (28) 

The polynomials L„' (x), orthogonal with respect to (|28|l . were also obtained by 
T. H. Koornwinder [14] as a special limit case of the Jacobi-Koornwinder (Jacobi 
type) orthogonal polynomials. In this direction, concerning analytic properties of these 
polynomials, many contributions have been done in the last years (see [I], [3], [7], [13j . 
among others). The connection formula of L„' (x) is 

L^-^{x) = L^ix) + NK„_i(0,0)xL^+l{x), (29) 

where 

K^-.iO,0)- nn + a + 1) 



r{n)r{a + l)r(a + 2)' 

Now, we will analyze the behavior of their zeros. Let denote by (x^ fc(«)) and 
{x^ k{a)) the zeros of the Laguerre type and the classical Laguerre orthogonal polyno- 
mials, respectively, arranged in an increasing order. Applying the results of Section 4, 
we obtain 

Theorem 7 The inequalities 

< x^i{a) < Xn^i{a) < Xn-i,i{a + 2) < x^2{a) < Xn,2{a) < ■■■ 

< a;n-l,n-l(a + 2) < 3::^„(a) < Xn,n{a) 

hold for every a > —1. Moreover, each x^ ^(c*) is a decreasing function of N and, for 
each fc = 1, . . . ,n — 1, 

lim a;,^i(Q) = 0, lim x^kj^i{a) = Xn_ik{a + 2), 



as well as 



where 



lim Nx^^{a) = gn{a), 

TV— >-oo ' 

hm iV[<,+i(a)-^„_i.fc(a-f 2)] = ^, 



r{n)r{a + 2)r{a + 3) 
^"(") = r{n + a + 2) • (3°) 



Proof It remains to show the limits above. From ((20 



N 



lim Nxn i{a 



-K{0) 



Since 

^„,„. (~l)"r(n + Q+l) r(n + Q-H) 

^"(°) = n^^) ""^ ^"-^(°'°^ = r(n)r(a + i)r(a + 2) ' 
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we obtain 

-^"(0) ^ r(n)r(Q + 2)r(a + 3) ^ 

7^„_i(0,0)L^l?(0) r(n + a + 2) ^"^ >■ 

Also from (O 



lim N[x^J,_^.l(a) - Xn^ik{a + 2)] 



On the other hand, it is easily to verify that 

^L^tlix) = Ln{x) H [LZix)]'. 

Thus, 



and 



=a::„_i,fc(a+2) 



Now, using the last two equalities and the differential equation for the Laguerre poly- 
nomials 

^ILnix)]" + {a + l~ x)[Lri{x)]' +nLn{x) = 



we obtain 



.!,,(« + 2)K(..)lt_^_^^^(„^,) = -±±f±^L'^{x,,^,Ac^ + 2)). 



Therefore 



lim Af[2;^fc+i(Q)-a;„_i.fc(a + 2)] 



r(n)r(Q + 2)r(Q + 2) 



r(n + a + 2) 
5n(a) 



In order to illustrate the results of Theorem [T] we enclose the graphs of Lg ' (a;), 
for a — 2 and some values of e > 0, in order to show the monotonicity of the zeros of 
I/g' (a::) as a function of the mass A^. See Figure [J] 

Table [2] shows the zeros of L^' (x), with a = 2, for several choices of N. Observe 
that the smallest zero converges to and the other two zeros converge to the zeros 
of the Laguerre polynomial I/2(*)> that is, they converge to 2:2.1(4) = 3.55051 and 
2^2,2(4) = 8.44949. Notice that all the zeros decrease when N increases. 



15 



30 r 




-30 L 

Fig. 2 The graphs of Lg ' (x) for some values of e. 



Table 2 Zeros of Lg ' {x) for some values of N . 



N 


<i(2) 


^^^2(2) 


4^3(2) 





1.51739 


4.31158 


9.17103 


1 


0.321731 


3.64053 


8.53774 


10 


0.0390611 


3.5604 


8.45936 


100 


0.00399042 


3.55151 


8.45049 


1000 


0.00039990 


3.55061 


8.44959 



4.3 Hemiite type orthogonal polynomials 



Using the symmetrization process for the special case of Laguerre type orthogonal 
polynomials when a = —1/2, we obtain the Hermite type orthogonal polynomials 
Hn (a;), which are orthogonal with respect to the measure 

_ 2 

d^J^N = e '^ dx -\- NSq. 

whose support is the real line. It easy to see that they are symmetric with respect to 
the origin and 

H2n(^) = in (X ) (31) 

and 

hZ+i{^) = i^2n+l(x-) = x-L^y^'^V). (32) 

Let denote by (/!.2n k)' ^ — ^ — 2?^^, and (/i2n+l,fc)i ^ l£ k < 2n+l, the zeros of the Her- 
mite type polynomials H^^ix) and H2n^i{x), respectively, ordered as follows : /i2n n < 
■■■ < ^2n li^) aid /i2n+l,)i < ■•• < /i2)i+l,l- Because of the symmetry property 



of these polynomials, we get /i2„ i. = ~h. 



2n,2n- 



,n. Furthermore, from (|3ip and (|32l) . we have 

l2 



-fc+i and /i2n+l,fc 



■'2n+l,2n+2-fc) 



"2n,fc 



N 






-fe+l(-l/2) 
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and 



[''■2n+l,A;] — ^■n,n-fc+l (1/2)- 



Then, as a straightforward consequence of Theorem [T] we get 
Theorem 8 Let n € N. Then 

(i) The inequalities 

< [h2n.n] < ^"4 (-1/2) < a;„_i4(3/2) < [h^n.n-i] < a^n,2(-l/2) < • • ■ 

< a;„_i,„-i(3/2) < [/i^,^i] < a;„,„(-l/2) 
hold. Moreover, each /i2n /j, fc = 1, • • • ,7i, is a decreasing function of N and, for 



each k = 1, . . . ,n — 1, 

im I h"„ „ 

N 

and 



Urn /i^,„ =0, hm /i^j^fc = x„_i „_fc(3/2), 

lim ivk^,j'=5„(-l/2), 
Af-s-oo L ' J 

^lirn^ iV[[/.^, J ' - :r„_i,„_,(3/2)] = ^^7^' 

(^ii^ r/ie inequalities 

< [/l2n+l,n]^ < 2;„a(l/2) < 2;„_i4(5/2) < [/l2n+l,n-l]^ < 2;«.2(l/2) < • • ■ 



< X„_i,„_i(5/2) < [h2n,l]^ < x-„,„(l/2) 



hold. 



The function gn{a) in p3[l is defined in H30|) . More details about the zeros of Hermite- 
type polynomials can be found in [18| . 



5 Electrostatic interpretation 

5.1 Some preliminaries results 

We also provided an alternative connection formula for the MOPS {p„ (a;a-)}„>o in 
terms of the kernel polynomials {pn{a.;x)}n>o. 

Theorem 9 The polynomials {p„ (a;a;)}n>o '^'*™ be also represented as 

Pn (a-x) ^pnia;x) + c„ p*_i(a; a;), (34) 

where 

1 + NKn{a,a) Pn-i{a) \\Pn\\l ,„., 

Cn = - , , ..,, -, r 1-^— "in and 7„ = -r- . (35) 

l + NKn-iia,a) pn{a) Pn~ll 
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Proof Using Q, we can write Pn{x) as 



||p^||2 

Pn{x) ^ — T^[Kn{a,x)- Kn-i{a,x)]. (36) 

Pn{a) 



Now, from (O and (|36|l . we have 



p„(a::) =p*(a;g)-7,i " ] p*_i(a;a:). (37) 

Therefore, substituting ([7]) and (|37|l in (|15p . we obtain 

Pn{a.;x) = p„(a;x)-7„ ---p„_i(a; a;) 

V P»(«) 

Npnja) Pn-ija) * 



Pn-l(a;a;) 



l + ArA'„_i(a,a) ||p„_i||2' 

= Pn{a;x) + CnPn_i{a;x), 

where Cn is given in H35p . 

Theorem 10 T/ie MOPS {?«(«; a;) }n>o satisfies the three-term recurrence relation 

xpn{a;x) =pn+i{a;x) + l3nPn{a;x) + -YnPn~l{a;x), 71 > 0, (38) 

uiii/i initial conditions pQ{a;x) — 1 and p^]^(a; a::) = 0. The coefficients of the TTRR 
are 

Pn — Pn+1 H r^ r^— , »^ > U, (39) 



and 



^.^ p„^i(a)p i(a) ^^^^^ n>l. (40) 

b«(a)J 



Proo/ From and ([37|), we have 

(x-a)pnia;x) = Pn+iix) - ^"^] " pn(x) 

Pn{a) 

Pn+l(a) 



Pn+l(ffl) /^ */ N Pn-l(ffl) * , ^ 

' Pn{a;x) -7„ --^—pn-i(a;x) 



Pn\a.) \ Pn[a) 

p„+i a; x) - 7„+i — - H — — Pn{a;x) 

' p„+i(a) p„(a) J 



. Pn+l{a)Pn-lia.) * , s 
[Pn(a)] 



or, equivalently. 



xp*n(a\x) = p*nJ^i(a\x) - 7„ 



7«+i ^T^ n — °- S'PnKa-.x) 



Pn+l(a)PK-l(a)„* 

[PnW]' 



+7n , , 2 P»-l('^;^)- 
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Since 

apn+l{a) =Pn+2{a) + /?n+lPn+l(a) +7n+lPn(«), 

we obtain 

7n+lPn(a) = ap„+i(a) -p„+2(a) - /3„+ip„+i(a). 



Thus, 



Pn+l(a) Pri(a) 
aPn+l{a) -Pn+2{a) - Pn+lPn+l{a) , PTt+l(a) \ 



Pri+l(a) Pn(a) 

aPn+l(a) Pri+2(a) /3n+lPra+l(a) _ PK+l(a) 
Pn+l(a) Pn+l{a) Pn+lia) Pn{a) 

+2(ffl) PK+l(a) 



Pn+i{a) Pn(a) 
For the other coefficient, we have 

* ^ l|P»ll^ ^ {{x-a)Pn,Pn)f, 

\\Pn-l\\l* {i^-'^)Pn-l,Pn-l)^' 

But according to ((TJl 

[x - a) p„(a; X) = pn+i(x) -——pn{x), 

Pn[a) 

and 

/, ^ * , \ * , \\ Pn+l(a) II * ||2 
((a::-a)p„(a;x),p„(a;a;))^ = --— \\Pn\\^- 

Thus (|41[) becomes 

PK+l(a)Pn-l(a) , 

[P"(a)] 



'^" ^ ; — 77^2 '^"■ 



As an example, we can analyze the behavior of these coefficients in the Laguerre 
case. Let L" (x) = „ ; L^ (x), then we have 



^ n + 2 l^^^^^^f 1 



2n + Q + 3 \ \/nT2 V71 + 2 



+ ,r^^±K 1 + 4^+of ' 



27i + a + 3 \ Vn+T \n + l 



1 \/K1 / ; ; V / 1 

= ^-2;rT7^ + 2;7Tl^(-^^+^/^^+^b 
.1 I vE I + 0'' 

2n + a + 3 2n + a + 3 V^TT^ + ^/nTT 



1 \/ \(l\ ^/9 

^^^^n^^'^ + O 

2?! + a + 3 2 



n2J 
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Thus 

^ ^ 2n + g + 3 / _ 1 _ v/R „-3/2 , r, 

Pn 2n + a + l \ 2n + a + 3 2 



= (!+ „ ^ , Hl ^ VK^„-3/2 



271 + a + l/l 2n + a + 3 



1+ 1 +0L-3/2 
2n V 



On the other hand, taking into account 

* _ Pn+l{a)Pn-l{a) 






2 "'^"' 

\pn{a)] 



then 



7n (n + l)Lg+i(a)Lg„i(«) 



l+^+c.(^) 



1\ / <,/ a / 1 \ \ / \/\a\ ( 1 

= 1 + -) i + ^=^ + o( ) i-yM^^^_ 

n/ y 1/71 + 1 \n+lJ \ ^Jn \n 






= 1 + 



Next, we will assume that dy* (x) = (a; — a) a; (x) dx where 01(0:) is a weight fiinction 
supported on the real line. We can associate with u) {x) an external potential v [x) such 
that oj (a;) = exp {—v {x)). 

Notice that if ?j(a::) is assumed to be differentiable in the support of ii^(a::) = uj [x) dx 
then 

u^'ix) 



u){x) 



-V (x) . 



If v'{x) is a rational function, then the weight function uo{x) is said to be semi- 
classical (see [T7], [50]). The linear functional u associated with lj{x), i.e.. 



{u,p{x)) = / p{x)u (x) dx, 

satisfies a distributional equation (which is known in the literature as Pearson equation) 

D{a{x)u) = t{x)u, 
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where cr{x) and t{x) are polynomials such that <j{x) is monic and deg(r(x-)) > 1. 
Notice that, in terms of the weight function, the above relation means that 

U!'{x) _ t{x) — a'{x) 
u>{x) a{x) 

or, equivalently, 

a{x) 

Let consider the linear functional u* associated with the measure fi*{x). In order 
to find the Pearson equation that u* satisfies we will analyze two situations. 

(i) If a{a) / 0, then 

D {{x — a)a{x)u*) — D Ux — a) a{x)u] 

— 2{x — a)a{x)u + (x — a) D{a{x)u) 

— 2a{x)u* + {x — a) t{x)u 
= [2o{x) + {x- a)T{x)] u* . 

Thus, 

D (4>{x)u*] = 4'{x)u* , 

where 



(42) 



(x) = {x ~ a)a{x) 
ip{x) — 2a{x) + {x — a)T{x). 
(ii) If a-{a) — 0, i.e., crix) — {x — a)a{x), then 

D {ct{x)u*) = D{{x- a)a{x)u*) 

— D ((x — a) a{x)u) — D {(x — a)a{x)u) 

— a{x)u + {x — a)D {a{x)u) — a{x)u + {x — a)r(a;)u 
= (5"(2;) + t{x)) u* . 

In this case, 

D [4>{x)u*j = ip{x)u* , 

with 

0(2;) = a{x) 

(43) 
ip{x) = d'{x) + t{x). 

It is a very well known result that the sequence of monic polynomials {Pn{a', a;)}n>Oi 
orthogonal with respect to m* satisfies a structure relation (see [B] and |17) ) 

(j}{x)D{p*n{a-x)) = A{x,n)pn{a-x) + B{x,n)p*„„i{a-x) (44) 

where A{x, n) and B{x, n) are polynomials of fixed degree, that do not depend on n. 
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Lemma 2 {^ We have 

(x — 3* ) 

A(x,n) + A(x,i-i- 1) + ^^ -^^^^B(x,n- 1) ^ (fi'(x) - -tpix). (45) 

7;-i 

Proof According to a result by Ismail (^, (1.12)) which must be adapted to our situ- 
ation since we use monic polynomials, we get 

A{x,n) + A{x,n~ 1) + ^"^ ~ f"'^'^ B{x, n - 1) = ~<j,{x) ^'^* ^""^^ 



7„-i 



= -</>(^-) 



u;*{x) 
^{x) - </.'(x) 



c^{x) 

where to* (x) — {x — a)ijj{x). 

Now, applying the derivative operator in H34[l and multiplying it by (j>{x), we obtain 
<t>{x)D (^pn{a;x)j = (l){x)D (p*(a;a;)) + c„(^(x-)D {Pn-l{a;x)) . (46) 

Thus, substituting ((ii)) in (gB)), yields 

(^(a;)D fp^(a;x) j = yl(a-,n)p* (a;x) + [B(x-,n) + CnA{x,n- l)]p*_;^(a;x) 

+CnB{x,n - l)p*_2(a;a::). 
Finally, using the TTRR ((381) in (gTI, we obtain 

•/"(a;) (Pnia-x)] = A*{x,n)pn{a;x) + B*{x,n)pn-i{a;x), 
where 



(47) 



Cn 



and 



A (x, n) — I A(x, n) — B{x, n— 1) 



B*{x, n) = ( B{x, n) + CnA{x, n — 1) -\ r~ix ~ Pn-l)B{x, n — 1) 

7„-i 



(48) 
(49) 



(50) 



Therefore, from (l34l) and (l48l). it follows that 



Pn{a;x) 



Cn 



A*{x,n) B* {x,n) j \_Pn-i{a; x) _ 



Pn{a\x) 
^{x)D[p^{a-x)) 



that is, 



Pn{a;x) 



Pn {a; x) Cn 

^{x)D(p^ia-x)) B*{x,n) 



1 Cn 

A*{x,n) B*{x,n) 
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and 



p*_l(a;a;) 



Pn {a;x) 



A 



''{x,n) ct){x)D \pn{a;x)j 



1 c„ 

A*{x,n) B*{x,n) 



or, equivalently, 



Pn{a;x) 



B*{x,n) 



B*{x,n) — CnA*{x, n) 



Pn {a\x) ■ 



Cn<t>{x) 



B* {x, n) — CnA* {x, n) 



D [pn {a;x] 



(51) 



and 

Pn-i{a;x) = 



-A*{x,n) N, . H^) 

Pn ya, X) -I- 



B*{x,n) — CnA*{x,n) ' B*{x,n) — CnA*{x,n) 

Now, substituting (|51|l and (|52|) in (|44|) . we deduce 



Dip\ 



N 



{a;x)j 



(52) 



(x)D 



B*{x,n) 



A{x,n) 



+B{x,n) 



B* (x,n) — CnA* {x, n) 
B*{x,n) 



B* {x, n) — CnA* {x, n 



N, X 
Pn (a; X) 



N, N 

Pn {a;x) 



Cn4>{x) 



T3*r \ A*f •,D(pnia;x)) 

B*{x,n) — CnA*{x,n) V / 

Cn(j}{x) T^( N f x\ 

^^ D ( p„ [a; x)\ 



-A*{x,n) M, X , 
-p„ (a; x) + 



B*(x,n) — CnA*{x,n) 



B*{x,n) — CnA*(x,n) ' B* (x,n) — CnA*{x,n) 

Then a straiglitforward calculation yields 



D (^pn{a-x)j 



Theorem 11 The MOPS {p„ {a',x)}n>o satisfies the second order linear differential 
equation 



A{x;n){pn {a;x)) + B{x;n){pn {a;x)) +C{x;n)pn {a;x) = 0, (53) 



where 
A{x;n) = 

B{x;n) = 



Cn [<t){x)] 



B* (x, n) — CnA* (x, n) ' 

ct>{x) [B{x, n) - B* {x, n) + c„(0'(2;) - A{x, n))] 
B*{x,n) — CnA*{x, n) 

Cn(j){x)'^ [B* [x, n) — CnA* (x, n)) 



{B*{x,n)-CnA*{x,n)Y 



C{x-n) = Mx,n)B*(x,ri)-B{x,n)A*ix,n)_^^^^^ 



B* (x,n) — CnA* {x, n) 



B*{x,n) 



B* {x,n) — CnA* {x, n) 



A different approach to this differential equation appears in [15] using the fact that 
the Uvarov transform of a semiclassical linear functional is again a semiclassical linear 
functional. 
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It is important to notice that for the electrostatic interpretation of the zeros is 
enough to consider the polynomial coefRcients of (p„ (a; a;))" and (p„ {a;x)y. In fact, 
it will come from the ratio 



jp^ja-x))" _ Bjx-n) 
{vM{a-x)y A{x;n) 

evaluated at the zeros of p„ (a;a;). 

Let {x^ I.) be the zeros of p„ (a; x). If we evaluate the second-order linear differential 
equation (|53p at x^ ^ then we obtain 

</ TV \f N f N \\ii , at N \t N , N \\i ^ 



(54) 



when x^ fc is a zero of the polynomial p„ (o; x). 
Hence, 

(p^(a; <,,))" _ g(<fc;n) 
Substituting A{x^ j,; n) and B{x^ fci 'i) iii th^ right hand side of H54I) . we get 

(p^(«;<J)' 

_ (i3*(<„n)-e„A*(x^fe,n))' ^ i?*(:r^fe,n) - i3K^fc,n) + c„yl(x,^,.,n) - c„0'(a:^fc) 



B*(<fc,n)-c„^*(x^,,n) 



+ 



Cn0(X 



N 



If we denote Q(a::) := B* {x,n) — CnA*{x,n) and using (|45|l . H49|l . and (|50|l . then we 
have 

Q{x) = B* (a;, n) — CjitI* (a::, n) 
= B{x,n) + c„ 



A(x, n-l) + ^^—-P—^B{x, 71 - 1) - 4(a;, n) + -^B{x, n - 1) 
7„-i 7„-i 



B{x,n) + Cn 



-2A{x, n) + ( A{x, n) + A(x, n - 1) + ^^ ^"^" ^(a, n - 1) 



%;- 



Cn 



H B{x,n- 1) 

7„-i 



= B{x,n) + Cn 



-2A(x, n) + (j)'(x) - ij(x) + —P—B{x, n-1) 

7,*--i 



Q{x) = B{x,n) + Cn 



-2A{x, n) + (j)'(x) - Mx) + —P—B{x, n-1) 

7„-i 



(55) 
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On the other hand, from (|55|l and (|49|) . wo obtain 
B*{x,n) — B{x,n) + CnA{x,n) — Cn(j) {x) 
= Q{x) + CnA*{x,n) — B{x,n) -\- CnA{x,n) — Cn(j>' {x) 



B{x,n) + cn 



-2A{x, n) + (j)'{x) - ip{x) + -^B{x, n-1) 

'n— 1 



+c„ A{x,n) 



Cn 

<^1 



= -C„7/)(x). 



Thus 



We consider two external fields 

^}){x 



B{x, 71 — 1) I — B{x, n) + CnA{x, n) — Cn(t>'{x) 









(56) 



■dx and In (5(2;), 



in such a way that the total external potential V(x) is given by 



na^) = 



(t>{x^ 



-dx + ln(5(a;) 



(57) 



Let introduce a system of n movable unit charges in [a, 77] or [^, a], depending on the 
location of the point a with respect to Cq{E) = [^, 77], in the presence of the external 
potential ^(a;) of ^^. Let 

X ;= (xi, . . . , Xn), 

where xi, . . . ,Xn denote the positions of the particles. The total energy of the system 
is 



£(a;) = ^ l/(xfc) - 2 Y. ln|^j-^fel 

fc=l l<j<k<n 



Let 



T{x) ■- exp(-£;(3;)) = 



n 



Q(a;j) 



n (^j - ^z^) 

l<j<fc<n 



(58) 



(59) 



In order to find the critical points of E[x) we will analyze the gradient of Inr(s). 
Indeed, 

^lnT(a;) = 0, i = l,...,n. 



d , , 7/'(a^i) Q'(xi) \-^ 



92; ,■ 



Let 



l<k<7i,k^j ■' 



Q{xj 
f{y) ■■= (y ~ xi) ■ ■ ■ (y - xn) 



= 0, j = l,...,n. (60) 
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Thus, 



+ rn \ =0, J = l,...,n, 



(t){xj) Q{xj) }'{xj) 
or, equivalently, 



^"(^)+!IS)^'(^)-°' ^ =----■ 



Therefore 






(61) 



On the other hand, from (|53|) and (|61|) we get 

f{y) =Pn{a;y), 

and then the zeros of Pn {a; y) satisfy H6U|) . 



5.2 Electrostatic interpretation of the zeros of Laguerre type orthogonal polynomials 

Firstly, we shall enumerate some useful basic properties of the Laguerre classical monic 
polynomials L"(a;). 

i. Let u be the linear funcional 

/■+00 

{u,p) — i p{x)x°'e~^dx, a > —1, p £ P. 
Jo 

So u satisfies the Pearson differential equation 

D{g{x)u) — t{x)u, 

where 

a{x) = X, t{x) = a + 1 — X. (62) 

ii. For every n G N, 

Ll^{x) = 0, L^ix)^l, 

Ln+l{x) = (x - Pn)K{x) - -ynL^^^iix), 

where 

Pn = Pn = 2n + a + I, 7„ = 7" = n (n + a) . 

iii. For every n G N 

i"(0) = (-i)":C(^±|±il. (64) 



(63) 



iv. For every 71 £ N 
V. For every n £ N 



K- (n n\ 1 r(n + Q + 2) 

A„(0,0) = —-—-—— —-——. (65) 

n\ 1 [a + 2)1 (a + 1) 



a; [L"(2;)] = nLn{x) + n{n + a)Ln^i{x). (66) 
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Now, we shall give an electrostatic interpretation for the zeros of Laguerre type 
polynomials L^ (a; x) which are orthogonal with respect to the measure d/x^v = 
x'^e~^dx+NSa, that is, they are orthogonal with respect to the following inner product: 

/■+00 

{p,q) = / p{x)q{x)x"e~^dx + Np{a)q{a), a < 0. 
Jo 

We will analyze two cases: 

1. Firstly, we consider a = 0. Thus, the polynomials L"' (0; a;) are orthogonal with 
respect to 

d/ijv = X e dx + N5q . 

Now, observe that the polynomials p*i(0; x) = L^ (x) associated with the measure 

d/j* (x) = x" e~^dx 
have Pearson's coefficients given by (see (|43|l and (|62|) 'l 

4>{x) = (^{x) = X, i^ix) = ^{x) + t{x) = a + 2 — X. 
On the other hand, from (|66p . the structure relation (|44|l reads 

(bix)D (l^+\x)) = A{x,n)L'^+\x) + B{x,n)L'^+lix), 

where 

(f>{x) — X, A{x, n) — n, B{x, 7i) = n + a + 1. 

In this case, the coefficients (|35|l and (|38|l are given by 

7*1 = n{n + a + 1), 

l + JVJ^n(0,0) Lg-i(O) , _^ , 
'=" = -l + iVA'„_,(0,0) Lm '^('^ + ")- 

Using H64|l and H65|) . we obtain 

r(n + a + 2) 



1 + iV- 



n!r(Q + l)r(Q + 2) 

'"'i + iv n^ + ^ + 1) 



(n- l)!r(a + l)r(a + 2) 
r{a + l)r{a + 2) + iVr(n + a + 2) 



(n - l)!r(a + l)r(a + 2) + iVr(n + a + 1) ' 
As a conclusion, Q(a::) in H55|) becomes 



'(x) = B(x,n) + cn 



-2A(x, n) + (j!>'(a;) - ip(x) H ^-8(2;, n - 1) 

7„-i 



= n(n + a + 1) + c„ [-2n + 1 - (a + 2 - a;) + c„] 
= n{n + a + 1) — c,i (2n + 1 + a — d) + CnX 
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and its zero will be denoted by 



un = {2n + l + a-cn) ^^ -. (67) 

Cn 



Now, it is easily to see that 0<Cn<n + a + l. Thus, Q{0) < and it implies that 

Un > 0. 



Taking into account 



r{z) ~ J^e-'^z' = ^/2^e""^"-^ 



it is easy to see that 

r(n + Q + 1) ^2^e~"~^(n + q + 1)"+^ (n + q + l)°e" 



r(n+l) ^/2^e-"-l(^+l)"+5 



= (n + a + l)"e-"l + 



Q 



71+ 1. 

{n + a + lf ^n". (68) 



Thus 



^ I r.r nn + a + l) _^ ^ rjn + a+l) N 



(n-l)!r(a + l)r(a + 2) r{n) r(a + l)r(a + 2) 

1 + 



r{a + l)r(a + 2) 



Nn 



Q + l 



r(a + i)r(Q + 2)' 

From (|67|) . we have 

n(n + a + 1) 



(69) 



itn = (2?! + 1 + a — c,i) 



Cn 

(ri + a + l)r(n + a+ 1) 



n + a + l-a- 1 + N 



(2n + 1 + a) (" - ^)'^(" + 1)^(" + 2) 



1 + N nn + a + l 



1 + N- 



(n - iy.r{a + l)r(a + 2) 

r{n + a + l) 



rn + a + 1) (» - l)!r(a + l)r(a + 2) 

1 + iV- ^(- + - + 2) 



n\r{a+l)r{a + 2) 
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Then, after some computations, and using (|68|l and (|69|l we can estimate its behavior 
with respect to A^ and n: 

a+1 a+1 

Un = 



1 + N, 1}: + ^ + '] A l + N nn + a + 2) 



{n-iy.r{a + l)r{a + 2)J \ nlr{a+l)r{a + 2) 



r(n+l) r{a + l)r{a+2)J y-^ '' r(n+l) r{a + l)r{a+2) 

Nr(n + a + l) 



(n!r(a + l)r(a + 2)) 



(q + if Nn° 



(n 2:^^ii- 



+2) 



2 r(Q + i)r(Q + 2) 



l2 



_ (Q + i)[r(Q + 2)]" _„_2 

" iV " 

The electrostatic interpretation of the distribution of zeros means that we have an 
equilibrium position under the presence of an external potential 

In Q{x) + In x" e~^ , 

where the first term represents a short range potential corresponding to a unit charge 
located at Un and the second one is a long range potential associated with the weight 
function (see also [10] and |11|1. 

2. Now, we will consider a < 0. In this case dy* {x) = {x — a)x"e~^dx. Thus, 
Proposition 5 The structure relation (|44|l for the measure 
dfj. (x) — {x — a)x°'e~^dx, a < 0, 



where 



cj>{x)D{pn{a;x)) = A{x,n)pn{a;x) + B{x,n)pn^i{a;x), 

4>{x) = {x — a)x, 

HI \ I -. \ / -, n + a 
A(x^ n) = n X — (n + 1 + an) \ I -\ 

_ , , n (n + q) , , , , , , ,, 

B[x, n) = [anx — (n + 1 + a„) (n + 1 + a„ + a)J . 

Proof From (O we get 

/ \*/ \ rCt/\ ^n+l\^) r ct / \ 

{x - a) pn(a; x) = Ln+i(x) Ln{x). 

Taking derivatives with respect to x in both hand sides of the above expression, and 
multiplying the resulting expression by a;, we see that 

xpu{a; x) + x [x - a) D {pn{a- x)) = xD {LZ+i{x)) ^^^-^-xD {LZ{x)) . 
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Using the structure relation (|66|) for Laguerre polynomials, we obtain 

xpn{a;x) + x{x- a) D {pn{a; x)) = (n + 1) L"^i{x) + (n + 1) (n + 1 + a) Ln{x) 

7^T~r W^nix) +n{n + a) LZ^i(x)] . 

Now, from (|63|l . we get 

xpn{a; x) + X {x — a) Dpn{a; x) 

= (n + 1) xLn{x) - (n + 1) (2n + 1 + a) L"(a;) - (n + 1) n (n + a) L^_i(x) 



+ 



(n + 1) (n + 1 + Of) rQ,. . i,i (x) ,«, , n (n + q) i„-i (a:) 



(n + 1) X - (n + 1) (2n + 1 + a) + {n + 1) (n + 1 + a) 



n (?i + a) (n + 1) + n (n + a) ^aL-. ) A"-l (a;) 



nL^+i(a) 



L^(a) 



Ln{x) 



{n + 1) {x — n) 



K{a) 



Ln{x) 



-(nin + l){n + a)+n{n + a) ^2tll^^ )^n-l(x). 
Now, using the notation 



an 



L?i(a) 



(70) 



and, from (|57)). 



7n 



Ln(x) =Pn{a;x) Pn-i{a;x), 



fln-l 



we have 

xpn{a;x) +x{x- a)D(p*(a;x)) 

= {{x — n) (n + 1) ~ nan) Ln{x) — n{n + a)(n + l + an) Ln-i{x) 



= {{x — n) [n + 1) — nan) 



i{a;x) -7„ Pn-i{a;x) 

Q-n-l 



— n (n + a) (n + 1 + fl) 
— {{x — n) (n+l) — nan)pn{a; x) 



•n~l{a\x) -7„-i Pn^2{a\x) 

an~2 



II -.N / N ^ n{n -\- ot) , . . , , 

{{n + 1) (x — n) — nan) \~ n{n + a) (n + 1 + an) 



a-n-l 



Pn-i{a;x) 



+n{n— l){n + a){n — l + a){n + l + an) 



Pn~2i<^;x) 
O.n-2 
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Now, using the TTRR (|38|) for monic kernels, and according to (|39p 

7*-i _ Kia) L^_2(a) 



7n-l i,^„i(a)L,^_,(a) 



we obtain 



ftn-l 



7n-l 



a„_2 (n - 1) (n - 1 + a) 
(n- 1) (n- 1 + a) _ 7n-l 



and then 

a;p5^(a; a;) + a; (a; — a) _D (pn{a; x)) 

= ((j; — n) (n + 1) — ?ia„) pj^(a; x) 

n{n + a) 



in-l 



((n + 1) (x — n) — nan) 
n {n + a) (n + 1 + U' 



a-n-l 
7n-lPr*-2(a;a^) 



+ n{n + a){n + l + an 



Pn^l{a;x) 



{{x — n) (n + l) — nan) — n {n + a) {n + 1 + an) ■ 



Q-ri-1 



Pnia;x) 



-n {n + Of) 



{{n + 1) {x — n) — nan) ■ 



a-n-l 



+ (ft + 1 + an) - {n+ 1 + an) (x - /3*i_i) 



Ora-l 



P*n-\ifl\x) 



{{n + 1) (x — n) — nan) 
1 



n(n + a) (n + 1 + a„) 



fln-l 



p*(a;a;) 



+n (n + a) 
1 



a.n-1 



{n + 1 + an) {x - I3n-i) 



a-n-l 



({n + l){x — n) — nan) — {n + 1 + an) 



Pn-i{a;x). 



Therefore 



where 



{x)D{pnia;x)) = A{x,n)pn{a;x) + B{x,n)pn-i{a;x) 



cj>{x) = x (x — a) 



a-n-l 



B{x, n) — n{n + a) 
1 



(71 + 1 + an) (a;-/3*i_i) 



Q-ri-l 



an-1 
((n + 1) (x — n) — na„) — (n + 1 + a„) 
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X — {n+1 + an) 1 



Simplifying these expressions we have 



A{x, n) = nx — n{n + 1) — nan 



and 

B{x.n) — n{n + a) 

— n{n + a) 



n{n + a) {n+ 1 + an) 



o-n-l 



n + a 
an-l 



xan+n + n nan {n + 1 + an) „* / , i , \ 
1 ^ -Pn-l - (n + 1 + an) 



ffln-l Q-n-1 

71 + 1 + a. 



O-n-l 



-2; + 



(n-/3*_i) - (n + l + a„) 



_a„_i ffln-l 

In the above expression, using again (|39p 

Pn = /9n+l + "n+1 - Hri = 2n + a + 3 + a„+i - a„ 
we obtain 

^, ^ n(n + a) , , , , , , ,, 

B(a;, n) = [anx — (n + 1 + a„) (n + 1 + a„ + a)J , 

a-n-l 

This is an alternative approach to the method described in [16| . 



Notice that the Pearson equation for the linear functional associated with the mea- 
sure becomes 

D ((f>u*] = Tpu* 

and (see ((42 ll and ((62 )l l 

4i{x) — {x — a)a{x) = {x — a)x, 

^{x) — 2a{x) + {x — a)T{x) — 2x + (x — a) {a + 1 — x) . 

According to ((39l) and (fiOll . 

/?«-! = /3n + an — fln-l, 

* '^n — 1 

7n-l = 7n-l- 

ffln-2 

This means that Q{x) in (|55|l is the following quadratic polynomial 



Q (x) = B{x,n) + Cn 



-2A(x,n) + <l)'{x) - ^{x) + -^B{x,n- 1) 

'n— 1 



an , n-l- 1 + a„ 

= 7n X + 7„ [n — {fin + an — an-l)) 

fln-l fln-l 



-7n (n + 1 + a„) — 2nc„a; + 2cn (n + 1 + an) ( Ji + 



7n 
an-l 



+CnX — c„ (a + a + 1) x + Cn (a (q + 1) — a) + CnX 

2 n -[^ an— I / ^ rt \ 2 an— 2 I \ 

+c„ (n-l - (in-i - an-l + a„-2) - c„ [n + a„_i) . 



a-n-l 



an-l 
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After some tedious computation the above expression becomes 



' (a::) = CnX + 7„ 

+ {n+l + an) 
2 (n + a„_i 



2ncn + c„ — c„ {a + a+ 1) ] x 



In 



(2c„n — 7ri) H (n — /3,i — a„ + a„_i + 2c,i) 



+c: 



Q-n-l 



(n— 1 — 2n + l — a — a„_i) + acna, 



with 



and 



Q (x) = Cnl + rnX + Sn 



r,i = n{n + a) — h c„ — d (a + a + 1 + 2n) 

= (c„ + an) (c„ — a„) — (c„ — a„) a — (c„ + a„) {2n + a + 1) 



Sn = (n + 1 + an) [{n + l + an + a) (2n + l + a„ + a — a — 2c„) + 2ac„] 
+a«c„ + c„ (a„ — a„_i + 1 — a) . 

The zeros of this polynomial are 



21, n = 



Taking into account 



-^ — f r„ + Vr^ - 4s„c„ j 
22, n = -^ — (rn - V r^ - 4s„c„ j 

ip 2g(x) -\- {x — a)T{x) 







(^- 


a)a{x) 




X 


2 


- + 
a 


r{x) 
a{x) 




X 


2 


- + 
a 


a + 1- 

X 


X 


_ 


2 


- + 


a + 1 


1, 



the electrostatic interpretation means that the equilibrium position for the zeros under 
the presence of an external potential 

In Q(a::) + In (a:: — a) x e~^, 

where the first one is a short range potential corresponding to two unit charges lo- 
cated at zi.„ and 22,n and the second one is a long range potential associated with a 
polynomial perturbation of the weight function. 
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5.3 Electrostatic interpretation for the zeros of Jacobi type orthogonal polynomials 

We shall use some basic properties of the Jacobi classical monic polynomials P" (x). 
i. Let u be the linear funcional 

{u,p) = / p{x){l - xf-(\ + xfdx, a, /3 > -1, p G P. 

So u satisfies the Pearson differential equation 

D(a(x)u) = t(x)u^ 

where 

a(x) = \-x^, r(a:) = (/3 - a) - (a + /3 + 2)2:. (71) 

ii. For every n G N, 

P"fW = 0, P^'\x) = l, 



where 



and 



^" ^" (2n + a + /3)(27i + a + /3 + 2) 



a,l3 



An{n + a){n + I3){n + a + /?) 



'^" '^"' (2n + Q + /?-l)(2n + a + /?)2(27i + a + /? + l)' 

iii. For every n G N 



p•^,fi,^^ ^ (-l)"2"r(7i + /3 + l)r(7i + Q + /3 + 1) 

" ^ ' r(/3 + i)r(27i + Q + /3 + 1) 



iv. For every n G N 



K ^ 1 ^^- 1 r(n + /? + l)r(n + a + /3 + l) 

""^^ ' -^ 2"+/3+i r(7i)r(/3 + i)r(/3 + 2)r(n + a) ■ 



V. For every 71 G 
( 



(72) 



(73) 



(74) 



(75) 



1 - x-)D (P,?'^(.)) = -n[P--^+i2n + a + m p^,,^^^ 

4n(n + Q)(w + /3)(n + Q + /3) a,/3 . - 
(2n + a + /3)2(2n + a + /3- 1) "-i^'^-'- 

Now, we shall give an electrostatic interpretation for the zeros of Jacobi type 
polynomials P" ip-\x) which are orthogonal with respect to the measure d/iAr = 
{1 — x)°' (1 -'r xf dx -\- N 5a, that is, they are orthogonal with respect the following inner 
product: 

(p, q) = I p{x)q{x){l - x)°'{l + x)^dx + Np{a)q{a), a ^ (-1, 1), iV > 0. 

We will analyze two cases: 
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1. Firstly, we consider a = — 1. Thus, the polynomials P" (~lj ^) a-re orthogonal 
with respect to 

d/iN = (1 - x)"{l + xfdx + NS_i. 

Therefore, the polynomials Pn{~l;x) = Pn (x) associated with the measure 

d^i*{x) ^{x- {-l))dfi{x) = (1 - x)°'{l + xf+^dx 
have Pearson's coefficients given by (see (|43|l and l\71^ ) 

(l}{x) = a{x) = \-x^ , tl}{x) = a{x) + t{x) = (/3 - a + f ) - (a + /3 + 3) a;. 
On the other hand, from (|75|) . the structure relation (|44|l reads 



Da,/3+l/ 



a,/3+l/ 



:,a.l3+l. 



x)D [P^'P-^^x)) = A{x,n)P^^P^\x) + B{x,n)P:^f^\x) 



where 



A{x,n) = 
B{x,n) = 



-n[/3 -a+f + (2n + a + /? + f )a;] 
2n + Of + /3 + f ' 

4n(n + q)(ji + /^ + l){n + q + /3 + f ) 



(2n + Q + /J + f)2(2n + a + /3) 
The coefficient 7,* in (|38} when p*i{—l;x) — Pn (x) is 



In =7™ 



4n(n + q)(7i + /? + l)(n + a + P + 1) 



{2n + a + P){2n + a + P + f)2(2n + a + /? + 2) ' 
Now, we will find the coefficient c„ in (|34p . Using (|73|l and (|74p it follows that 

f + 7VA-„(-f,-f) J^^fi(-l) „,/3 



Cn 



• 7n 



f + iVA'„_i(-f,-f)p;^,/3(_i) 

f + JVJ^n(-f,-f) 2n(n + q) 

f + iVis:„_i(-f , -f) (2n + a + ^)(2n + a + fi + 1) 



>0, 



and, finally, we get 



Q{x) = B{x,n) +Cn 



{2n + a + I3)cn 



(a + /3 + f)(^-Q + f) 



2n + a + /^ + f 



+ (27i + Q + ^ + f)c„a;. 
Now, we will show that the zero of Q{x) belongs to (— f , f). In fact, observe that 

(Q + /3 + f)(/3-a + f)" 



Q(f) = B{x,n) + Cn 



(2n + a + /3)c„ 



+ (2n + a + /3 + f)c„ 



= B{x,n) + Cn 
>0, 



(2n + a + /3)c„ + 



271 + Q + ^ + f 



2(2n(n + a + /? + f ) + a(a + /3 + 1)) 



2n + a + ^9 + 1 
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and, after some tedious calculations, 



0(-i) 



_2"+/3+3(^ + l)r(n)r(n + Q)r(/3 + 2fr{n + /3 + l)r(n + Q + /3 + 1)JV 

2n + a + /3 



2"+/3+ir(n)r(n + OL)r{l3 + i)r(^ + 2) + Arr(n + 13 + l)r(n + a + /? + 1) 



< 0. 



Next we will show the behavior of this zero. 



Un 



2(n + /3 + l)(n + q + ^ + 1) 1 + iVi^„-i(-l, -1) 
(2n + a 4-/3 + 1)2 1 + Afis:„(-1, -1) 

2n(n + Q) 1 + Arj<n(-1,-1) (a + /? + l)(/3 - a + 1) 



(2n + « + /? + 1)2 l + AfA'„_i(-l,-l) (2ri + a + /? + l)2 

-2(n + /? + l)(n + Q + /3 + 1) - 2n (n + q) + (g + /? + l)(/3 - a + 1) 
(2n + « + /? + 1)2 



2 , II n||2 



iv(p„"'^(-i)) /||p, 

H r^ T. TT 



(2n + Q + /3 + l)2 



2(n + ^ + l)(n + a + /3 + l) 2n (n + a) 



l + iVA'„(-l,-l) 



l+iVi^n(-l,-l) 



-4n2 ^4^(a + I3 + I)n-{0L + I3 + 1Y 



+2N 



{2n + a + P + lY 
n?'^("l))Vlkn'ir 



-l + 2iV 



(2n + a + ;g + l)2 
(P,?'^(-1))V||-P"" 



(n + /3 + l)(n + a + ;9 + l) n (n + a) 



(2n + « + /? + 1)2 



l + iVA'„(-l,-l) l + iVA'„(-l,-l) 



{n + P + l){n + a + l3 + l) n{n + a) 



l + ArA'„(-l,-l) l + iVA:„(-l,-l) 

(76) 



But from 



I J||2~ 



= Kn{x,x) - Kn-l{x,x) 



and l|74p it easily follows that 



P^'^ix) 



= Kr, 



oa,f}\ 



nn + a + P+l)in + P+l) \ 
\ n{n + a) J 
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From ([761) and ^7} we get 



Un = -l + 2N 



(^n'''(-l))V||^n 



(271 + Q + /3 + 1)2 (1 + NKn (-1, -1)) 
(n + Q + ^ + l)(n + /3 + l) 1 + NKn (-1,-1) 



n{n + a) 



l + NKn-ii-1,-1) 



= -1 + 2N 



V / II Wfi 

{2n + a + P + 1)2 (1 + NKn (-1, -1)) 

/ /3 \ 2 , II o II 2 

(^n'^'C-l)) / IPn^i 

^^ ^ II I'm 

Kn-l (-1,-1) (1 + NKn^i (-1, -1)) 



> -1. 

Moreover, using the asyniptotics of Kn (—1,-1), which according with (I74p is 

7^„_i(-l,-l) 



2"+/3+2r(/3 + i)r(/3 + 2) 

^^ e-("+/3+l) (n + /3 + l)("+^+l-^) e-("+°+'3+l) (^ + g + /3 + i)(»+"+/3+l-^: 

e-"n"-^ (n + a)"+""3 e^(n+a) 
I „2(/3+l) 



2"+'3+2r(/3 + l)r(/3 + 2) 
and after some calculations, we finally obtain 



Un ^ -1 + 2N 



[{2/3 + 2)n + {a + (3 + 1)Y 
n{n + q) (2n + a + /? + 1)^ 

7^„_l(-l,-l) 



(1 + NKn (-1, -1)) (1 + NKn-i (-1, -1)) 

2°+^+^(/? + l)[r(/3 + 2)l^ 2(ff+2) 
+ TV n . 



The electrostatic interpretation means that the equilibrium position for the zeros 
under the presence of an external potential 

\nQ{x) + In (1 - a;)"+\l + xf+^, 

where the first one is a short range potential corresponding to a unit charge located at 
the zero of Q{x) and the other one is a long range potential associated with the weight 
function. 
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2. Now, we will consider a < — 1. In this case, 

dfi* (x) — {x — a)(l — .'c)"(l + x)"dx. 
As a consequence, 
Proposition 6 The structure relation (|44|l for the above measure is 

4>{x)D{pn{a;x)) = A{x,n)pn{a;x) + B{x,n)pn-i{a;x), 
where 

4>{x) = (x — a)(l — X ), 

1 2 

A{x,n) = an+l[x — fin) +bn+l — Xnan — (fln+lT" + ^nbn)^ l + X , 

B(x,n) = (a„_|-i(2; — /3„) + 6„+i — XnOn) t h a,i+l7n + ^nbn 

An-1 

— (a„4_i7„ + AnOnj . 

Proof Using the notation 

P"'*^ (n) 
A„-A„ («) - o^j - (7S) 

from (O we get 

(i - a)pn{a-x) = P"+''i(a::) - A„P"'^(a:). 

Taking derivatives with respect to x in both hand sides of the above expression, and 
multiplying by 1 — a; in both members, we see that 

(1 - a;^)p* (a; x) + {x - a) (1 - x^)D {p*„{a; x)) 

= (1 - x^)D (p„Yi(^)) - >n(l - ^'')D (P^'^ix)) . 

(1 - x^)D (P,?'^(x)) = anP^'^ix) + hnP^L\{x), 
-n[l3 - a + {2n + a + I3)x] 



From (|75|) . 



where 



a„(a;) = a"''^^(x) = 



2n + a + /J 



, ^,a,f}_ 'in{n + aj{n + /3){n + a + P) 
" ~ " ^ (2n + a + /3)2(2n + a + /? - 1) ' 



Thus, 



(1 - x'^)pn{a; x) + {x- a) (1 - x'^)D {pn{a; x)) 

= an+lPn+li^) + (bn+l - XnUn) Pn'''^{x) - A„6„P"l''^ (x). 

Now, from the TTRR H72|) for the classical Jacobi polynomials, we get 

(1 - x'^)pn{a; x) + {x~ a){l ~ x'^)D {pn{a;x)) 

= [an+i{x - Pn) + bn+l - A„a„] Pn {x) - (a„+i7„ + A„6„)P"li(2;). 
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Now, from (|37 )) and (f78)l . 

Pn (x) =Pn(a;x)- Pn-i(a;x), 

we obtain 

(1 -x'^)p'^{a;x) + {x-a) (1 - a;^)Z) (p* (a; a;)) 



[an+i{x - f3n) + 6„+i - A„a„] 



Pn{a; x) - p„_i(a; x) 



Pn^i{a;x) - Pn~2(a;x) 



[an+i{x - P„) + bn+1 - \na„]pn{a;x) 



(a„+i(a; — /?„) + b,i+i — A,ia„) h a„+i7„ + A„6„ 



(a„+i7,i + Anbn)-^^^ p*„2(a;a::). 

An-2 

Now, using the TTRR (|38p for monic kernels, 

(1 - x^)pn{a;x) + {x- a) {1 - x^)D {pn{a;x)) 
= [an+i{x - f3n) + bn+i - A„a„]p* (a;x) 

(a„+i(a; — /3„) + fe„+i — A„a„) h a„+i7„ + A„&„ 



p*j_l(a;a::) 



p*j„i(a;a;) 



(a„+i7n + Xnbn) 



7n-i (2:-^^-i)pJl-i(a;2;) -pj;(a;a;) 



A„-2 7;^_i 

According to H39I) and (|78|l . we obtain 

7^^-l _ A„^i 
7n-l A„_2 

Therefore 

(1 - j:^)p*j(a;a::) + {x - a) (1 - x^)D (p*j(a; s)) 

an+l(2; — Pn) + bn+l — \nan — (a„+i7„ + Anbn) 

7n 



An 



p*(a;2:) 



(a„4.i(a:: — /3„) + 6„-|_i — AnOn) \- a„+i7„ + Anfen 



-(a„+i7n + An&n) 



An-1 



Pn-l(a;2:). 



Thus 



cj>{x)D{pn{a; x)) = ^(a;, n)p* (a; a::) + B{x, n)pn_i{a; x), 
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where 



(x) — {x — a)(l — X ), 



1 2 

A{x,n) = a„+i{x — Pn) + b,i+i — A,ia„ — (a,i+i7n + Xnbn)- 1 + x , 



Ai,_i 



7" 



B{x,n) = (a„-|.i(x — /3„) + &„+i — A„a„) h a„+i7„ + An fori 



-(a„+i7n + Anfon) 



^ ~ Pn-1 



An-1 

Simplifying these expressions we have 

A{x, n) = Anfi + Ai,i^ + ^n,2a;^ 

and 

B{x,n) = B„^o + -Br^,l2;■^-B„^2a;^■ 
Notice that the Pearson equation for the hnear functional associated with the mea- 



becomes 



with (see (O and (fTTj) ') 



d/i* (a;) = (a- — a)(l — a^)"(l + x) dx 



(/>(x) = (x — a)a{x) — {x — a){l — x ), 
tp{x) = 2a{x) + (a; — a)r(x) = 

2(1 - a-2) + (i - a)(/? - a - (q + /J + 2)a;), 

which means that in the Jacobi case, Q (x) is the following quadratic polynomial 



'(a:;) = B{x,n) + c„ 



-2A(a;, n) + <!>' (x) - il){x) + —P—B{x, n - 1) 

7„-i 



Bn.2 +{a + /3+l- 2An,2 + ''"^l' ^'^ I Cn 



+ 



fc„-B„_i.i 

1 ; ' r ^n, 



7„-i 



[a(a - 1) + /3(a + 1) + 2An,i]cn \ x 



+B„,0 - [2A„,o + 1 + a(a - ;3)]c„ + 



CTt-Pn-1,0 

7^-1 



Taking into account 



%l) _ 2 /3-a-(a + /3 + 2)a: 
a; — a 1 — a;^ 

- 2 Q + 1 /3 + 1 

X — a 1 — X 1 + a;' 
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the electrostatic interpretation means that the equilibrium position for the zeros under 
the presence of an external potential 

In Q{x) + ln(a; - af (1 - a;)"+\l + xf+^, 

where the first one is a short range potential corresponding to two unit charges located 
at the zeros of Q{x) and the second one is a long range potential associated with a 
polynomial perturbation of the weight function. 
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